Introduction and Main Results
Let Ω 0 be a smooth-bounded domain in R N with N ≥ 3. In this paper, we study the existence and multiplicity of positive solutions for the following quasilinear elliptic system: Ω with the standard norm
Moreover, a pair of functions u, v ∈ W is said to be a weak solution of System S λf,μg,h if
for all ϕ 1 , ϕ 2 ∈ W. Thus, the corresponding energy functional of System S λf,μg,h is defined by
and set
where |Ω| is the Lebesgue measure of Ω. Our main results are as follows. 
This paper is organized as follows. In Section 2, we give some notations and preliminaries. The proofs of Theorems 1.1 and 1.2 are in Section 3. In Section 4, we manage to give the proof of Theorem 1.3. Throughout this paper, A1 and A2 will be assumed.
Notations and Preliminaries
In this section, we give some notations and necessary preliminary results.
Notations. We make use of the following notation. |Ω| is the Lebesgue measure of Ω;
C, C i will denote various positive constants, the exact values of which are not important;
As the energy functional I λ,μ is not bounded below on W, it is useful to consider the functional on the Nehari manifold
Thus, z u, v ∈ N λ,μ if and only if
Note that N λ,μ contains every nonzero solution of System S λf,μg,h . Moreover, we have the following results Proof. If z u, v ∈ N λ,μ , then by 2.3 , the Hölder inequality, and the Sobolev embedding theorem,
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Thus, I λ,μ is coercive and bounded on N λ,μ .
Define
Then for u ∈ N λ,μ ,
Similar to the method used in Tarantello 23 , we split N λ,μ into three parts:
2.9
Then, we have the following results.
Lemma 2.2. Assume that z 0 is a local minimizer for
Proof. Our proof is almost the same as that in 24, Theorem 2.3 .
Lemma 2.3. One has the following:
Proof. The proof is immediate from 2.7 and 2.8 .
Moreover, we have the following result. , on has the following:
2.11
By |f| ∞ |g| ∞ |h| ∞ 1, the Hölder inequality, and the Sobolev embedding theorem, we have
2.12
This implies
and define
Then we get the following result.
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2.16
Therefore, from the definitions of θ λ,μ , θ λ,μ , we can deduce that
. By 2.7
Moreover, by |h| ∞ 1, the Hölder inequality, and the Sobolev embedding theorem,
By 2.5 , one has the following:
2.20
Thus, if 0 < λ Proof. The proof is almost the same as that in 25, Lemma 2.6 and is omitted here.
For each z ∈ W with K λ,μ z > 0, we write
Then we have the following lemma. 
where Λ 1 is the positive constant given in 1.6 .
Proof. The proof is almost the same as that in 8, Proposition 9 . Now, we establish the existence of a local minimum for I λ,μ on N λ,μ . iii I λ,μ z
Proof. By Proposition 3.2 i , there exists a minimizing sequence {z n } for I λ,μ on N λ,μ such that
Since I λ,μ is coercive on N λ,μ see Lemma 2.1 , we get that {z n } is bounded in W. Then there exist a subsequence {z n u n , v n } and z is a weak solution of System S λf,μg,h . From z n ∈ N λ,μ and 2.4 , we deduce that
Let n → ∞ in 3.4 , by 3.1 , 3.3 , and θ λ,μ < 0, we get
Thus, z 
In order to prove that I λ,μ z 1 λ,μ θ λ,μ , it suffices to recall that z 1 λ,μ ∈ N λ,μ , by 3.6 , and apply Fatou's lemma to get
3.7
This implies that I λ,μ z In particular u 
3.13
Now
and so by Lemma 2.7 there is unique 0 < t < t max such that t u 
3.17
This implies that I λ,μ z
Next, we establish the existence of a local minimum for I λ,μ on N and the compact imbedding theorem, there exist a subsequence {z n u n , v n } and z
Now, we prove that z n → z 
Proof of Theorem 1.3
For the existence of a second positive solution of System S λf,μg,h in the critical case α β p * , we will however need here a stronger restriction on h x , namely, h x > 0 in Ω but f x and g x may be also allowed to change sign in Ω. Now, we will establish the existence of a local minimum for I λ,μ on N
